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CHAPTER I
INTRODUCTION
1.1 Cosmic Microwave Background Cold Spot Anomaly
The cosmic microwave background (CMB) radiation is the earliest elec-
tromagnetic signal of the Universe that we can observe. In the hot Big Bang
cosmology, CMB is the light that freely traversed after the epoch of recombina-
tion. The CMB has a black-body spectrum with a current average temperature
of 2.725 K. Theoretically, the primordial CMB map is almost smooth everywhere
across the Universe with very small Guassian fluctuations. The root mean square
of the fluctuations is about 18 µK. Figure 1.1 is the full sky CMB temperature
fluctuations map as observed by Planck satellite mission (Planck Collaboration,
2014). The red colour corresponds to slightly hotter regions than average, while
the blue shows slightly colder regions. Planck’s CMB map agree mostly with the-
oretical prediction except some strange imprint parts in CMB map such as the
anomaly cold spot.
When the high precision of mathematical analysis is applied to the CMB
observational data, the strange structures had been observed in CMB map. One
of the strangest structures is the cold spot anomaly which first detected by NASA
WMAP mission (Cruz et al., 2005). This large cold spot is located in the Southern
Galactic Cap, l ≈ 209◦, b ≈ −57◦ (see Figure 1.2) with the angular radius on the
sky of about r ≃ 10◦. The temperature of the cold spot’s centre is also significantly
colder, ∆T ≈ 150µK, than average CMB temperature, 2.725 K ±18 µK. In terms
of size, previous works have indicated (see later) that this cold spot may be caused
2Figure 1.1 CMB temperature fluctuations map from Planck satellite mission.
Figure 1.2 A zoom-in map of the CMB cold-spot anomaly region.
by a foreground large-scale structure located at around 600 Mpc away from us
which has an inferred radius of about 200 Mpc, a third of the distance from us to
the centre of cold spot. Because of the Guassian distribution and small amplitude,
1 part in 105, of the CMB fluctuations„ the probability that such a large structure
could exist is very low (less than 0.0001). Thus, the origin of the large cold spot
needed to be studied.
3Recently, many studies (Szapudi et al., 2014b; Finelli et al., 2014; Szapudi
et al., 2014a) proposed that the origin of the cold spot could be a super-void. The
metric tensor that well describe the geometry of super-void is Lemaˆitre-Tolman-
Bondi (LTB) metric (Alonso et al., 2010). On large scale, the cosmic void can
induce secondary CMB temperature fluctuations by Integrated Sachs Wolfe (ISW)
effects. For small scale, the secondary fluctuations may be caused by non-linear
ISW or weak gravitational lensing (weak lensing for short hand). The works
of Szapudi et al. (2014b); Finelli et al. (2014) and Szapudi et al. (2014a) only
concerned the secondary CMB temperature fluctuations from ISW effect caused
by a single void and the weak lensing was not considered. Hence, it is good
opportunity for us to study the large cold spot via ISW and weak lensing effect.
The rest of this chapter aims to review required background knowledge
for studying CMB cold spot anomaly. The notations and conventions which will
appear later in the thesis also will be establish in this chapter.
1.2 Cosmological Theory
1.2.1 The Cosmological Principle
Most of modern theoretical physics base on the symmetry which leads to
the law of conservation. Unsurprisingly, the physical system that is well described
by the laws of physics, also has physically symmetrical properties. In principle,
the Universe is not an exception, on the large scale the Universe is the same in
all direction. In addition, it is the same everywhere, and laws of physics do not
depend on the location of an observer. In other words the Universe is homogeneous
and isotropic on sufficiently large scales. This principle is called the cosmological
principle. One of the supported evidence is the galaxy distribution, which has
4been shown to obey the cosmological principle on the scales larger than 100 h−1
Mpc (Wu et al., 1999).
To study the Universe, the cosmological principle is needed to combine with
theoretical physics. On cosmological scale gravity is the dominant interaction. The
best modern macroscopic gravitation theory is Einstein’s general relativity (GR),
the theory of spacetime. GR states that spacetime is dynamic. Applying the cos-
mological principle to GR, it implies that the Universe must be non-static, either
expanding or contracting. One of the supported evidences of this hypothesis is
the observation of galaxies move away in all directions by Edwin Hubble (Hubble,
1929). This leads to the idea that the Universe is now expanding. Moreover, Type
Ia supernovae observational data had shown that the Universe expands with an
acceleration (Riess et al., 1998). Tracing back to history, clearly in the old time
the Universe would have been much smaller than today. There should be the orig-
inal state of the universe, the state that the spacetime was a singularity, where all
the low of physics that we know break down, very hot and dense, the “Big Bang”.
The Big Bang theory was initially proposed by Lameitre . The Big-Bang
theory predict that the elementary particles was created during the first few min-
utes after the Big Bang. In complementary to The Big Bang, inflation caused
the Universe from a single point to physical scale and give the quantum fluctua-
tions which are the seeds of cosmic structures, e.g. galaxies, clusters of galaxy etc
(Guth, 1981). These quantum fluctuations caused the tiny anisotropy on CMB
which can be observed by CMB experiments such as WMAP and Planck missions.
1.2.2 The Geometry of The Universe
When the cosmological principle is applied to GR, it leads to a maximally
symmetric spacetime known as FLRW (stands for Friedmann Laˆimetre Robertson
5Walker) (Weinberg, 1972) metric tensor. This metric line element is given by
ds2 = gµνdxµdxν = −dt2 + a(t)2
[
dr2
1− κr2 + r
2(dθ2 + sin2θdϕ2)
]
, (1.1)
where we sum over dummy indices µ and ν from 0 to 3. We also adopt the speed
of light c to 1, t is the proper time, a(t) is scale factor, r, θ and ϕ are comoving
spherical coordinates. The curvature κ is a constant related to the spatial geometry
of the Universe and can be 1, -1,0 correspond to open, closed and flat geometries,
respectively.
The rate of expansion of the Universe H(t) can be given by
H ≡ a˙
a
, (1.2)
where a dot represents a conformal time t derivative. This parameter is called the
Hubble parameter. Defining H0 as the Hubble parameter at the present epoch
(call Hubble constant). Recent measurements lead us to believe that the Hubble
constant is very close to 70 ± 10 km s−1 Mpc−1 (Planck Collaboration, 2014).
Because it still remains unclear the precise value,we often set the Hubble constant
as
H0 = 100h km s−1 Mpc−1, (1.3)
so that h ≈ 0.7.
1.2.3 Dynamics of The Expanding Universe
The cosmological dynamics can be obtained by solving the Einstein equa-
tion
Rµν − 12gµνR = 8piGTµν , (1.4)
6where Tµν is the energy-momentum tensor of the matter components and G is a
universal gravitation constant. The Ricci tensor Rµν is defined by
Rµν = ∂αΓαµν − ∂νΓαµα + ΓαµνΓβαβ − ΓαµβΓβαν , (1.5)
where ∂α stands for partial derivative operator
∂α ≡ ∂
∂xα
. (1.6)
Γµνκ is the Christoffel symbol, which can be calculated from
Γµνκ =
1
2g
µλ
[
∂κgλν + ∂νgλκ − ∂λgνκ
]
. (1.7)
Since gµν is symmetry in exchanging indices, consequently the Christofel symbol is
also deserved the symmetry in exchanging indices. R is the Ricci scalar curvature,
given by contraction of the Ricci tensor
R = gµνRµν = Rµµ. (1.8)
With FLRW metric the non-vanish Ricci tensor components are
R00 = −3 a¨
a
R11 =
aa¨+ 2a˙2 + 2κ
1− κr2
R22 = r2(aa¨+ 2a˙2 + 2κ)
R33 = r2(aa¨+ 2a˙2 + 2κ)sin2θ. (1.9)
and the Ricci scalar is then
R = 6(2H2 + H˙ + κ/a2). (1.10)
7We choose the matter and energy to be a perfect fluid which are at rest in comoving
coordinates. The four-velocity is then
Uµ = (−1, 0, 0, 0) (1.11)
and the energy-momentum tensor
Tµν = (ρ+ p)UµUν + pgµν , (1.12)
where p and ρ denote pressure and density, respectively. Furthermore, we assume
that p and ρ have equation of state,
p = wρ. (1.13)
Plug in, energy momentum tensor, Ricci tensor, Ricci scalar and gµν metric to
Einstein’s equation, yield,
(
a˙
a
)2
= 8piG3 ρ−
κ
a2
, (1.14a)
a¨
a
= −4piG3 (ρ+ 3p). (1.14b)
Eq. 1.14 are known as the Friedmann equations the most important equation
of cosmology. Multiplying Eq. 1.14a by a2, differentiating and using Eq. 1.14b, we
find
ρ˙+ 3H(ρ− p) = 0. (1.15)
Using equation of state, this turn to be
ρ˙
ρ
= −3(1 + w) a˙
a
. (1.16)
Solving this equation, we get
ρ ∝ a−3(1+w) (1.17)
8The radiations and relativistic particle such as neutrino have w = 1/3. The
dark matter and cold gas dominate the matter sector and are considered collision-
less and pressure-less, i.e. w = 0. In the case of vacuum energy (or Cosmological
Constant Λ) that has the constant energy density and negative pressure for driving
the Universe accelerated expansion, w = −1. The energy density evolution of
Universe made up of perfect fluid dominated by these three components can be
written as,
ρ = ργ,0a−4 + ρm,0a−3 + ρΛ, (1.18)
where ρm,0 and ργ,0 are matter and radiation density at present epoch and ρΛ ≡
Λ/8piG. It is good to introduce another useful quantity the density parameter,
Ω = 8piG3H2 ρ =
ρ
ρcri
, (1.19)
where the critical density is defined by
ρcri =
3H2
8piG. (1.20)
Eq. 1.14a now can be re-written as
Ωκ = Ωtotal − 1 = κ
H2a2
. (1.21)
This can describe the geometry of the Universe as
ρtotal < ρcri ↔ Ω < 1 κ < 0 ↔ open
ρtotal = ρcri ↔ Ω = 1 κ = 0 ↔ flat
ρtotal > ρcri ↔ Ω > 1 κ > 0 ↔ closed.
9We can use Eq. 1.18 and Eq. 1.21 to study the evolution of the scale factor a(t).
Figure 1.3 is the plot between a(t) and time by the given density parameters
(subscripted m and Λ represent matter and cosmological constant, respectively).
Figure 1.3 The scale factor evolutions for different density parameters.
10
Consider the case with Ωm = 0.25 and ΩΛ = 0.75 which is close to the
present observational data. At very beginning of spacetime ( a≪ 1), the radiation
was the dominant part of the Universe by the evolution a−4. As Universe expands
and a larger the matter became the main component. Eventually because the
vacuum energy never dilutes in time, most part of the Universe is the vacuum
energy which causes the accelerated expanding of the Universe.
1.2.4 Standard Cosmological Model: ΛCDM
The standard cosmological model base on the cosmological principle and
the hot Big Bang with inflation model. The observations had been shown that Ωκ
is nearly to zero, in other words the Universe is spatially flat. From the density
evolution, we can see that there are three main species of matter-energy in the
Universe, matter, radiation and vacuum (dark) energy. The matter can be classi-
fied into two types. The ordinary or baryonic matter which can be described by
the standard model of elementary particles physics. The present experiments and
observations indicate that this type of matter is only 4 percent in the Universe (La-
hav and Liddle, 2014). The second type is the dark matter which is approximately
25 percent of the matter-energy density Universe. The dark matter can not be
seen directly but it can be indirectly observed by its gravitational effect on the ro-
tation curve of spiral galaxies (Babcock, 1939) or by identifying distortion image
of background galaxies due to the gravitational lensing (Massey et al., 2010) etc.
The biggest compoent of the Universe is dark energy, which is some kind of influ-
ence that drives the Universe accelerated expanding. It is first inferred in 1998, by
observation of Type Ia supernovae by the Supernova Cosmology Project (Riess
et al., 1998). As mention before, the main candidate of dark energy is vacuum
energy (Carroll et al., 1992) which can be characterised by cosmological constant
11
Λ in Einstein’s field equation. the main manifest properties of dark energy are
smoothly spread across the Universe and negative pressure (repulsive gravity).
1.2.5 Cosmological Distances
Because most of cosmological information come from the electromagnetic
waves which are redshifted due to the expansion of space. The redshift z is defined
by
z = λo − λe
λe
, (1.22)
where λe is the emitted wavelength of the radiation by the source at it’s rest frame
and λo is the observed wavelength by an observer at a given time. Since the
light travel on null-path (ds2 = 0). Hence if the light is emitted by the source at
comoving coordinate r1 at time t1, it arrives at the origin r = 0 at a later time t0,
give by (FLRW metric)
r10 =
∫ t0
t1
dt
a(t) =
∫ r1
0
dr√
1− κr2 . (1.23)
Since the radial coordinate r1 of comoving source is independent on time, so the
interval δt1 between departure signals is related to the interval δt0 between arrivals
of same signals by
δt1
a(t1)
= δt0
a(t0)
. (1.24)
This leads to the relationship between scale factor a(t) and redshift z
a = a01 + z . (1.25)
Normally, we set the present scale factor a0 = a(t0) to be unity. With the defini-
tions of z, H and Ω Friedmann’s equation Eq. 1.14a can be rewritten as
H2(z) = H20
[
Ωγ,0(1+z)4+Ωm,0(1+z)3+ΩΛ,0(1+z)3(1+wΛ)+(1−Ω)(1+z)2
]
, (1.26)
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where wΛ is left to be arbitrary for the case that the dark energy has an evolution.
We can see that to study the Universe, it mostly involve with the mea-
surement of H(z). The measurement techniques such as using supernovae Ia as
standard candles or standard ruler from the Baryon Acoustic Oscillation (BAO)
and the acoustic peak scales in the CMB fluctuations, all measure H(z) in the
form of either ’Angular Diameter Distance’ (dA) or ’Luminosity Distance’ (dL) as
a function of redshift,
dA(z) =
dL(z)
(1 + z)2 =
r
1 + z =
1
(1 + z)H0
√
|Ωκ|
fκ
[
H0
√
|Ωκ|
∫ z
0
dz′
H(z′)
]
, (1.27)
where fκ(x) = sin(x), x, or sinh(x) for closed, flat, and open models, respectively.
1.3 Observational Cosmic Microwave Background Radia-
tion
In spite of the fact that, theoretical physicists had predicted CMB since
1950s. The prediction was suspected until 1964 when it was confirmed by the
accidental detection by Arno Penzias and Robert Woodrow Wilson who worked
at Bell Labs in Holmdel, New Jersey. Intially, they were experimenting with
a supersensitive radio antenna. Even with several methods which were used to
reduced noise as much as possible, there still was the mysterious background noise
coming from all direction of sky. This background noise was estimated to have
antenna temperature of 3.5 ± 1.0 K at 7.3 cm wavelength which was close to the
prediction by Alpher and Herman (Alpher, 1948). Later on, Penzias and Wilson
shared their discovery with Dicke, Peebles, Roll and Wilkinson (Penzias and
Wilson, 1965) who were making the experiment to detected CMB signal. The two
groups published their results and interpreted the mysterious background noise as
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CMB signal from Big Bang.
The space-base CMB experiment is called the NASA’s COsmic Background
Explorer (COBE) (Boggess et al., 1992) satellite mission launched in November
1989. This experiment had measured CMB spectrum between 60-600 GHz and
shown that it has a blackbody spectrum (see Figure 1.4). The best evaluation
of CMB temperature made with four-year COBE data is To = 2.725 ± 0.002 K.
COBE can measure the CMB fluctuation on scales larger than about 7o. The
measurement by COBE had been shown that the CMB temperature map almost
uniform. Consider Figure 1.5, the more blue means the lower temperature while
the more red means the hotter. Figure 1.5 illustrate that the fluctuation of CMB
temperature is roughly 1 µK which only is 1 part in 105 of average temperature
of CMB.
Figure 1.4 CMB measurement spectrum: The spectrum is almost identical to
blackbody spectrum with the temperature T = 2.725 K (Banday et al., 1997).
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Figure 1.5 CMB temperature map by COBE.
The successor of COBE satellite mission is the more advance satellite mis-
sion which also was sent by NASA, the Wilkinson Microwave Anisotropy Probe
(WMAP) satellite mission. WMAP was improved sensitivity and angular reso-
lution 45 and 33 times to COBE respectively. The main aims of WMAP are
studying the density perturbation of the early Universe and the mysterious dark
energy. The WMAP’s data played a key role in establishing ΛCDM. The measure-
ments are well fitting the cosmological constant (Λ) of dark energy model. But
some unexpected results are also detected including the cold spot anomaly which
its original is the main topic in this thesis.
The most recent space base experiment is ESA’s (European Space Agency)
Planck satellite mission. Planck carries two scientific instruments. An 56 radio
receivers are installed in the Low-Frequency Instrument (LFI) which well respond
to 30-100 GHz emission. It operates at 20K and provides angular resulotion 10
arc of minute and 12 µK sensitivity. The second instrument is High-Frequency
Instrument (HFI) bears 56 bolometres sensitive to 100-850 GHz emission. It can
work at 0.1 K and provides angular resolution about 5 arc of minute and roughly
15
5 µK sensitivity. The Planck telescope is 1.5 m in diameter.
Planck is purposed to measure the B-mode polarisation of CMB due to
the gravitational radiation from “Inflation” epoch and study the origin of cosmic
structure. Planck’s measurement results still remain the results of WMAP. The
cosmological parameters are only slightly different from WMAP’s measurement.
The anomaly cool spot is still noticeable in Plank’s CMB temperature map. While
most of Planck’s data is well satisfied with Inflationary cosmology, the significant
evidence of B-mode CMB polarisation still remains undetected.
1.4 Cosmic Voids
The local regions of the Universe can be separated to two regions, over-dense
regions which called cluster (of galaxies) and cosmic voids which is the under-dense
region. The cosmic void is vast region with very lower density than the cosmic
average. It was first discovered by Gegory and Thompson in 1978. Voids typically
have a diameter of size of 11 to 150 Mpc. A very large voids is called super-void.
Cosmic voids can cause secondary anisotropy of CMB due to linear Integrated
Sachs Wolfe (ISW) on large scale or Ree Scima (nonlinear ISW), gravitational
lensing and SZ effects on small scale. In Big-Bang cosmology framework, cosmic
voids could be formed by baryon acoustic oscillations. Originally, start from small
quantum fluctuations in the early Universe and evolve to density anisotropies.
Higher density regions collapsed under gravity, finally form the cosmic web of
voids and galaxy filaments seen today.
There are three main methods for finding voids. The first method is called
VoidFinder algorithm (Hoyle and Vogeley, 2002). This method directly find the
empty regions of space base on local galaxy density. Normally, this method as-
sumes the spherical shape of void. The body, edge and wall of void are well defined
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in the algorithm. The density around the centre is roughly 10 % of mean cosmic
density and quickly rises to 20% at the edge and then 100% in the walls outside
the edge.
The second algorithm is ZOBOV (Zone Bordering on Voidness) algorithm
(Sutter et al., 2012). Unlike, VoidFinder Algorithm which consider density of space
directly, this method try to find void by consider the geometrical structures in the
dark matter distribution. Initially the method was introduced with no parameter
and presumed shape. This method can find the shape and size of void very well.
However, it mostly finds small and trivial voids. The method can be improved
efficiency by applying the physical parameters such as a minimum density.
The last method is called DIVA (Dynamical Void Analysis) algorithm. This
method considers voids from different perspective. Voids can be redefined as a
region in which matter is escaping; which corresponds to the dark energy equation
of state, w. The centres of void now are the maximal source of displacement field
of matter. This method was introduced for studying of evolution of voids in large
scale structure. Due to the different definition of void the outcomes of this method
now differ from two previous methods (Hahn et al., 2007).
Now, there are many catalogues of voids which publish online for example
the work of (Sutter et al., 2012) which is the outcome from Sloan Digital Sky
Survey Data Release 7 (SDSS DR7) galaxy redshift surveys. ZOBOV algorithm
was used in this catalogue. Figure 1.6 shows void population map in redshift range
0.05 to 0.1. From Figure 1.6 and other plots in (Sutter et al., 2012) we can refer
that typical radius of void should be 15 < rv < 25 Mpc h−1.
In this work we consider three void density profiles. The first one is the
Hamuas, Sutter and Wandelt (HSW) void density profile, the second is LTB model
and the last is multivoid model.
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Figure 1.6 The voids distribution from redshift 0.05 to 0.1 : The galaxies are
represented in grey while voids are represents in colour depending on the size as
indicated in the plots.
1.4.1 HSW Void Density Profile
In 2014, HSW propose a simple empirical function for the average density
profile of cosmic voids (Hamaus et al., 2014). The method of their research is
the watershed technique in ΛCDM N -body simulations. Initially, they used four
parameters model to simulated the density profile. Later on, the simulations had
shown that two of four parameters to be redundant as they follow linear trends
with the scale radius. So, this void model has only two parameters to characterised
void density, scale radius rs and central density contrast δc. Given ρv is the density
of void, ρ¯ is the mean cosmic density and the void characteristic radius is denoted
by rv. The density contrast of void can be described as,
ρv
ρ¯
− 1 = δc 1− (r/rs)
α
1 + (r/rv)β
. (1.28)
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α and β have approximately linear relation with rs/rv by following,
α(rs/rv) ≃ −2(rs/rv − 2), (1.29)
β(rs/rv) ≃

17.5rs/rv − 6.5 for rs/rv < 0.91,
−9.8rs/rv + 18.4 for rs/rv > 0.91.
(1.30)
Since it is very useful in the future to written Eq. 1.28 as the function of x = r/rv,
δH(x) ≡ ρv
ρ¯
− 1 = δc1− σx
α
1 + xβ , (1.31)
where σ = (rs/rv)−α. The physical meaning of rs is a radius at which ρv = ρ¯. The
well fitting from profile Eq. 1.28 to observational data is illustrated by Figure 1.7.
One of the special features of the HSW profile is that its include positive density
contrast region (so called void compensation) (Hamaus et al., 2014) while other
(normal) void density profiles do not include. Figure 1.7 had been shown that
HSW profile can describe void compensation quite well.
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Figure 1.7 Stacked density profiles of voids at redshift zero in eight set of voids of
size. The shade regions represent the standard deviation σ of each stacks (scaled
down by 20 for visibility), while error bars come from standard errors on the mean
profile σ/√Nv. The solid lines is the best fit solution from density profile Eq. 1.28
(Hamaus et al., 2014).
Moreover, the well description of HSW profile, there is the Universality
property in HSW profile as shown by relationship of α, β and rs/rv. δc and rv
also have interested nonlinear relationship as shown by Figure 1.8. Because there
is still some uncertainty in δc and rv then we should leave δc as a free parameter.
1.4.2 LTB Model
LTB model is the short name of LTB geometry embedded in ΛCDM of
cosmic void model. Basically, LTB geometry is just the more general version of
FLRW geometry. The scale factor a(t) now depend both on time and space A(r, t),
ds2 = −dt2 + (A
′(r, t)2)
1− κ(r) dr
2 + A(r, t)2(dθ2 + sin2θdϕ2), (1.32)
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Figure 1.8 Shows relationship between parameters, α and β clearly have linear re-
lationship with rs/rv. While relationship between δc and rv seems to be nonlinear.
The picture is taken from Hamaus et al. (2014)
where κ(r) is the curvature function which now depends on coordinate and A′(r, t)
= ∂A(r, t)/∂r. In order to make this geometry embedded to ΛCDM we need κ =
0 at r becomes larger and larger. From the works of Finelli et al. (2014), we can
suppose that,
κ(r) = κ0r2 exp(−r2/r2v). (1.33)
This curvature leads to Newtonian potential ΦL,
ΦL(r˜) = Φ0 exp(−r˜2/r˜2v). (1.34)
with an LTB radius r defined as r˜ =
√
3/4piH0r using the co-moving FLRW radius
r. The corresponding to the 3D density profile of ΦL is,
δL(r˜) = δc
(
1− 2r˜
2
3r˜2v
)
e
− r˜2
r˜2v . (1.35)
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The benefit of this model is if dose not require N-body simulation to get density
profile like HSW profile. The only thing that we need to do is finding the ap-
propriated κ(r). The comparison between WISE-2MASS and 2D projection of δL
(denoted as δ2D ) by Finelli et al. (2014), displays in Figure 1.9.
Figure 1.9 The 2D density profile from WISE-2MASS catalogue compared with
the theoretical model. The plot is produced by Finelli et al. (2014)
1.5 ISW Effect
The ISW effect is caused by the change in energy of CMB photons as they
traverse the linear changing of gravitational potentials (Cai et al., 2009) (Cai et al.,
2010). If gravitational potential nonlinearly evolves then the ISW effect becomes
nonlinear effect which has alternative name as the Ree-Sciama (RS) effect. When
CMB photons travel through an over dense region, such as galaxy cluster, will
gain more energy falling into the potential well than it later loses climbing out of
the evolved shallower potential well. Consequently, overdense regions correspond
to hot regions in a linear ISW map. In contrast, as voids are underdense regions
they appear cold in linear ISW map. If the geometry of the universe is spatially
flat as described by FLRW metric tensor then the ISW effect only occurs if and
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only if dark energy exist. So, the ISW effect is a suitable tool to study dark energy
dynamics.
Let ∆TISW(nˆ) be the induced temperature caused by ISW effect in nˆ direc-
tion on the sky and T¯ is the mean temperature. The ratio between these qualities
can be calculated by
Figure 1.10 Appearance of ISW effect on CMB map which is observed by Planck.
Left panel shows the result from stacking of 50 supercluster, the middle is the
results from stacking of 50 voids and right panel shows the difference between
both result. It is clearly that the ISW effects due to the cluster appear hot in
CMB map while voids give the cold region. The picture is taken from Planck
Collaboration et al. (2014).
∆TISW
T¯
(nˆ) = −2
∫ τL
0
Φ˙(τ, nˆ)dτ, (1.36)
where Φ˙ is the time derivative of the gravitational potential, τ is the conformal
loopback times, with τ = 0 at the present and τ = τL at the last scattering
surface. The gravitational potential Φ relates to Hubble parameter H0, matter
density parameter Ωm and the density contrast δ, by the Poisson equation,
∇2χΦ =
3H20
2 Ωm
δ
a
, (1.37)
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where the subscript χ denotes the derivative with respect to coormoving coordi-
nates and ∇χ = a∇, where ∇ is derivative with respect to physical coordinates
(recall χ = ar)
Once we find the solution of Eq. 1.37, we can evaluate the ISW effect by
using Eq. 1.36. Figure 1.11 illustrates the ISW effect detected by Sawangwit
and his team (Sawangwit et al., 2010) by cross-correlating galaxy samples as the
tracer of large-scale structure with the WMAP CMB maps. From left to right,
the galaxy samples at different redshifts. From bottom to top, showing the study
using different frequency in the microwave bands. From Figure 1.11, it is very
clear that the ISW effect remains the same in the various of frequency bands. It
implies that ISW effect is independent of frequency which confirms that the ISW
effect as an achromatic effect.
1.6 Weak Gravitational Lensing Effect
It is recommended for readers who want to comprehend in deep down level
of weak lensing to read the article of Bartelmann and Schneider (Bartelmann
and Schneider, 2001). In this review, we will only cover applications of weak
gravitational lensing on CMB fluctuation.
Gravitational lensing effect is the effect that the light path is deflected by
gravitating bodies due to the curve spacetime. It was predicted by Einstein’s
general theory of relativity. In cosmological scale the most important type of
gravitational lensing is weak lensing (Bartelmann and Schneider, 2001). While
ISW effect directly changes temperature of photon, the weak lensing does not
change temperature of photon but it changes photon’s trajectory which means
changing in CMB temperature map. By studying distortion of image caused by
gravitational lensing we can study the mass distribution in universe.
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Figure 1.11 The ISW effects, observed by Sawangwit and his colleagues. This
picture is captured from Sawangwit et al. (2010).
Suppose, there is a point mass M in free space. According to general rela-
tivity theory, this mass could cause curved spacetime. Since the light’s trajectory
is the null geodesic on spacetime. So the light ray is deflected by an angle αˆ, which
called deflection angle, as illustrated by Figure 1.12.
If the gravitational field is weak then general relativity predicts that deflec-
tion angle is,
αˆ = 4GM
ξ
. (1.38)
Where, ξ is impact parameter and G is Newton’s universal gravitational constant.
Now consider a three-dimensional mass distribution with volume density
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Figure 1.12 Sketch of a typical gravitational lens system which is drew by Bartel-
mann and Schneider (2001).
ρ(r⃗). The mass dm correspondence to volume dV is dm = ρ(r⃗)dV . Spatial trajec-
tory of light ray that pass this mass distribution is described by (ξ1(λ),ξ2(λ),r3(λ)),
where the coordinates are chosen such that the incoming light ray propagates along
r3. If the deflection angle is small, the light ray can be approximated as straight
line in the neighbourhood of deflecting mass. Then, ξ⃗(λ) ≡ ξ⃗, independent of the
affine parameter λ. Recognise that ξ⃗ = (ξ1, ξ2) is a two dimensional vector. The
impact vector of the light ray relative to the mass element dm at r⃗ = (ξ′1, ξ′2, ξ′3) is
then ξ⃗ − ξ⃗′, independent of r′3, and the total deflection angle is
ˆ⃗α = 4G∑ dm(ξ′1, ξ′2, ξ′3) ξ⃗ − ξ⃗′|ξ⃗ − ξ⃗′|2 (1.39)
= 4G
∫
d2ξ′
∫
dr′3ρ(ξ′1, ξ′2, r′3)
ξ⃗ − ξ⃗′
|ξ⃗ − ξ⃗′|2 , (1.40)
which is also a two-dimensional vector. The first integral along the line of
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sight can be defined as the surface mass density
Σ(ξ⃗) =
∫
dr3ρ(ξ1, ξ2, r3), (1.41)
which is interpreted as the mass density projected onto a plane perpendicular to
the incoming light ray. Hence, the deflection angle can be evaluated by
ˆ⃗α(ξ⃗) = 4G
∫
d2ξ′Σ(ξˆ′) ξ⃗ − ξ⃗
′
|ξ⃗ − ξ⃗′|2 . (1.42)
This expression is valid as long as the deflected path is small which is good for
weak lensing regions. Now, consider Figure 1.12, from geometrical point of view,
the actual position of the object on source plane η⃗ is
η⃗ = Ds
Dd
ξ⃗ −Dds ˆ⃗α, (1.43)
where Ds, Dd and Dds are angular diameter distances. Introducing angular cood-
inates by η⃗ = Dsβ⃗ and ξ⃗ = Ddθ⃗, we can transform Eq. 1.43 to
β⃗ = θ⃗ − Dds
Ds
ˆ⃗α(Ddθ⃗) ≡ θ⃗ − α⃗(θ⃗), (1.44)
where we defined the scaled deflection angle α⃗(θ⃗) in the last step. Eq. 1.44 can be
interpreted as a source with true position β⃗ can be seen by an observer at angular
position θ⃗ satisfying Eq. 1.44. If Eq. 1.44 has more than one solution for fixed β⃗, a
source at position β⃗ has several images on the sky, i.e. the lens produces multiple
images. The type of lens is strong. This can be quantified by the dimension-less
surface mass density
κ(θ⃗) = Σ(Ddθ⃗)Σcri
with Σcri =
1
4piG
Ds
DdDds
, (1.45)
where Σcri is called the critical surface mass density. A mass distribution which
has κ ≥ 1 somewhere, i.e. Σ ≥ Σcri, produces multiple images for some source
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positions β⃗ (see (Bartelmann and Schneider, 2001)). Consequently, Σcri is a
characteristic value for the surface mass density which distinguishes between weak
and strong lenses. Note that κ ≥ 1 is sufficient but not necessary for producing
multiple images. In terms of κ, the scaled deflection angle is
α⃗(θ⃗) = 1
pi
∫
R
d2θ′κ(θ⃗′) ξ⃗ − ξ⃗
′
|ξ⃗ − ξ⃗′|2 . (1.46)
Eq. 1.46 implies that deflection angle can be written as the gradient of the lensing
potential,
ψ(θ⃗) = 1
pi
∫
R2
d2θ′κ(θ⃗′) ln |θ⃗ − θ⃗′|, (1.47)
as α⃗ = ∇θψ. The potential ψ(θ⃗) is two-dimensional analogue of the Newtonian
gravitational potential and satisfies two-dimensional Poisson equation ∇2θψ(θ⃗) =
2κ(θ⃗). In addition to Eq. 1.47 , if we known the Newtonian potential Φ we can
calculate ψ by
ψ(θ⃗) = 2 Ds
DdDds
∫
Φ(θ⃗, χ)dχ, (1.48)
where the integration has performed along the line of slight (χ).
Since weak lensing deflect the light ray, so when we observe CMB temper-
ature the temperature map could be changed from the origin. The lensed CMB
temperate anisotropy in the direction nˆ on the sky, T˜ (nˆ) equivalent to an unlensed
anisotropy T (nˆ + αˆ). Because the deflection angle αˆ is very small, consequently
we can use Taylor’s expansion to approximate T˜ (nˆ) as below
T˜ (nˆ) = T (nˆ) + αi∂iT (nˆ) +
1
2αiαj∂
i∂jT (nˆ) +O(α3). (1.49)
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1.7 This Thesis
In this study we will consider both void profile motivated by N-body sim-
ulations in standard cosmological model (ΛCDM:Lambda Cold Dark Matter) and
LTB theoretical void model embedded in the ΛCDM universe. Moreover, the very
large and improbable size of the super-void required to explain the anomaly is also
of our interest. This work will also investigate whether the anomaly temperature
profile can be described by multiply aligned voids with typical size rather than
a single super-void which is at odd with our current understanding of structure
formation theory of the universe.
CHAPTER II
CMB COLD SPOT MEASUREMENT
2.1 Planck Data
In previous chapter the CMB observations had been introduced. As men-
tion before the most recent CMB observation is the Planck satellite mission. The
Planck’s frequency bands are separated into nine bands between 30 and 857 GHz
(Planck Collaboration, 2014). The detector of the Low Frequency Instrument
(HFI) are pseudo-correlation radiometers, covering bands centred at 30, 44, and
70 GHz. Complementary, the High Frequency Instrument (HFI) detectors are
bolometers, covering bands centred ad 100, 143, 217, 353, 545 and 857 GHz.
According to Planck Collaboration (2014) Planck delivers foreground cleaned
CMB maps by using four different methods: NILC, COMMANDER, SEVEM and
SMICA. The detail of these products is described in Planck Collaboration (2014);
Planck Collaboration et al. (2015), the following subsection is only the summary.
2.1.1 Data Product Descriptions
1. NILC
The Needled-ILC CMB map is included the total intensity from all frequency
channel (Planck Collaboration et al., 2015). It is also constructed in polari-
sation, Q and U Stokes parameters, from frequency channels 30 to 353 GHz.
It is obtained by applying the Internal Linear Combination (ILC) technique
in needled space. The multipoles of this methods is maximum at l = 4000.
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The angular resolution of this beam is Gussian circular beam with the 5
arcminutes of beam width.
2. COMMANDER
Base on Bayesian parametric component separation, COMMANDER is a
Planck software code which is modelled by a small number of free parameters
per pixel, for example an amplitude at a given reference frequency. The
COMMENDER sky maps have different angular resolutions depending on
data products.
3. SEVEM
SEVEM’s CMB maps are constructed by using a procedure based on tem-
plate fitting in real space in several frequencies. Normally, the templates are
produced from the lowest and highest Planck frequencies and the subtracted
from the CMB-dominated channels. There are no assumptions about the
foregrounds or noise during the cleaning CMB map process. The intensity
of CMB maps have the 5 arcminutes standard resolution with the maximum
l = 4000. For polarisation of CMB maps have Gaussian beam width at 10
arcminutes and maximum l = 3071.
4. SMICA
The linear combination of all Planck input channels with multipole-
dependent weight is used to produced SMICA CMB maps. The maximum
multipole of SMICA is l = 4000. While NILC produces both total inten-
sity and polarisation in the single map, on the other hand the intensity and
polarisation maps are produced separately. Like SEVEM SMICA intensity
CMB maps have the 5 arcminutes resolution. For the polarisation maps the
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resolution is 10 arcminutes. The foreground signals such as the radiation in
galactic plane are excluded to clean CMB signal.
2.1.2 Our Data
The temperature map that we use in this study, is Planck SMICA 2015
because it includes all frequency channels data and cleans galactic plane foreground
signals. The temperature map is provided in “Fits” file format and can read by
HEALPix software libraries package. HEALPix is an acronym for Hierarchical
Equal Area isoLatitude Pixelation of a sphere. As suggested in the name, this
pixelation produces a subdivision of a spherical surface in which each pixel covers
the same surface area as every other pixel. Originally, HEALPix is aimed to use
particular for CMB experiments (Gorski et al., 1999). But now it even is used in
geography. The HEALPix software is available in C, C++, Fortran90, IDL, Java
and Python. In this thesis we use C - HEALPix (called Chealpix) and Python -
HEALPix (called Healpy). The picture of cold spot is shown by Figure 2.1.
Figure 2.1 Planck SMICA CMB fluctuation in the direction of the Cold Spot.
Circles correspond to 5o, 13o and 28o radii (Finelli et al., 2014).
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HEALPix map surface is a unit sphere. Labelling coordinate by (θ, ϕ) or
in cartesian (x, y, z), θ sweep from north pole to south pole pi radius, while ϕ
starts from galactic centre and the sweep in the direction from east to west by 2pi
radius. This differs from Galactic - Coordinate convention by IAU. So the galactic
coordinate of cold spot (l = 209o, b = -57o) corresponds to (θ = 0.8167pi, ϕ =
1.1611pi).
Figure 2.2 Coordinate conventions for HEALPix (left hand side panel) and IAU
(right hand side panel).
2.2 1D Cold Spot Temperature Profile
We can get the 1D cold spot temperature profile by average temperature
inside of cold spot’s rings. In the work we divide the cold spot with the radius 30o
into 30 rings. Each ring has the same thick 1◦.
We can identify each points (x, y, z) inside our rings by find the dot product
of (x, y, z) and the centre of cold spot (x0, y0, z0). For example, if we want to
know the 1D - temperature at 1.5o apart from the centre of void, we first find the
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Figure 2.3 Illustrate the rings of cold spot.
points inside the disk with radius 1o. The points inside the disk are given by
cos(1o) < x · x0 + y · y0 + z · z0 6 1. (2.1)
Then we can use HEALPix to find which pixels associate to these points. When we
get pixel indices we will get temperature of those points. The average temperature
inside angular radius θ0 can be calculated,
T0 =
1
n
∑
θ<θ0
T (θ), (2.2)
where n is the total pixel inside the circle. For example, the average tem-
perature at θ = 1.5 degree is
T (θ = 1.5) = 1
N2
∑
θ<2◦
T (θ)− 1
N1
∑
θ<1◦
T (θ), (2.3)
where N1 and N2 are the number of pixel inside the rings withe angular radius
1 and 2 degree respectively. Figure 2.4 illustrates the 1D temperature profile of
cold spot with the error bars which come from the normal CMB fluctuations.
Figure 2.4 shows the CMB cold spot temperature profile. The error bar for each
angular bin is calculated from variance of the measurements of 1000 Monte Carlo
simulation. CMB maps were generated by using Syncfast function in HEALPIX
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software library. This Syncfast function use the angular power spectrum as a input
file. In the simulations we use angular power spectrum from SMICA catalogue.
The simulations had shown that the uncertainty of CMB fluctuations is scale
independent as shown in Figure 2.5 which is very close to 18 µK.
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Figure 2.4 CMB cold spot 1D temperature profile
Figure 2.5 Fractional difference of the uncertainties as function of angular bins
from 1000 Monte Carlo simulations.
CHAPTER III
SINGLE VOID INTERPRETATION
3.1 ISW Effect From LTB Void
Finelli et al. (2014) calculate the (nonlinear) ISW temperature fluctuations
∆TISW of LTB void,
∆TISW = −A
(
1− 2813
θ˜2
θ˜20
)
e
−2 θ˜2
θ˜20 (3.1)
where θ˜0 =
√
3/4piθ0, θ0 = (180o/pi)(rv/Dd(z0)) and z0 is the redshift of void’s
centre. The unit of θ is degree. The amplitude A is given by
A = 148.8µK
(
rv
155.3h−1Mpc
)3(
δc
0.2
)2
. (3.2)
We can see that these functions need 3 parameters to fit model. The redshift z0
indicates how far the void is. The size of LTB void rv, and the last parameter the
central density contrast δc.
In order to constrain the super-void to large cold spot of CMB, the χ2reduced
method is used to test the goodness of fit,
χ2reduced =
χ2
data points− number of free parameters , (3.3a)
χ2 = Σi
(∆T obsi −∆T ISWi )2
σ2i
. (3.3b)
The best parameter set minimise χ2reduced. In principle we expect that the mini-
mum χ2reduced is close to one because if χ2reduced ≪ 1, it could be refered that our
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uncertainty σi from observational data are overestimated.
Figure 3.1 shows our parameter fitting and the Finelli 2014. The difference
between our fitting data process and Finelli et al. (2014) is the error bars of data.
While we consider the only the root mean square of fluctuation, Finelli et al.
(2014) considers both CMB measurement and LSS survey. The best parameters
of our simulation are
rv = 168+15−14 Mpc h−1, (3.4a)
z = 0.13+0.09−0.05, (3.4b)
δc = −0.13+0.05−0.05, (3.4c)
χ2reduced = 0.98. (3.4d)
The χ2 contour plot between of rv and z with δc = -0.13 is shown by Figure 3.2.
We can see the χ2 is well constrained withing 1σ region.
3.2 ISW of HSW Void
3.2.1 Newtonian Potential of HSW profile
Before we calculate ISW effect we need to know Newtonian potential. Re-
call, Poisson’s equation of Newtonian potential Φ,
∇2χΦ =
3H20
2 Ωm
δ
a
, (3.5)
where ∇χ is the gradient operator with respect to the comoving coordinate χ.
Since HSW profile depends only on physical radial r then we can rewritten Eq. 3.5
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Figure 3.1 LTB void ISW: Blue thick line is the our best parameter set. Red
thin line-points is best fit from Finelli 2014 (Finelli et al., 2014).
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Figure 3.2 χ2 contour plot between void radius rv and redshift z with δc = -0.13.
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as
a2
1
r2
∂
∂r
(
r2
∂ΦH
∂r
)
= 3H
2
0
2 Ωm
δH(r)
a
. (3.6)
Or in the form of x = r/rv,
1
x2
∂
∂x
(
x2
∂ΦH
∂x
)
= 3H
2
0Ωm
2a3 r
2
vδH(x), (3.7)
where δH(r) is the density contrast of HSW profile (see Eq. 1.28 and 1.31) Now,
we can obtain ΦH by integration
ΦH(rv, x, z = z0) =
3H20Ωm
2a3 r
2
v × Φ˜H(x), (3.8)
where
Φ˜H(x) =
∫ x
0
1
x′2
[ ∫ x′
0
x′′2δH(x′′)dx′′
]
dx′. (3.9)
ΦH(rv, x, z = z0) is the non redshift (or time) evolution Newtonian potential of
HSW profile . For the redshift (or time) evolution form we have,
ΦH(rv, x, z) = D+(z)ΦH(rv, x, z = z0), (3.10)
where D+(z) is linear growth factor normalise to unity at present epoch.
The calculation method and result
Because HSW profile is not an easy function to integrate by analytical
symbolic method. Hence we should calculate Eq. 3.9 by numerical method. There
are many software library and algorithms for integration such as trapezoidal rule,
Newton 3, 5 points methods, Monte Carlo integration, adaptive quadrature inte-
gration, etc. In this work we used QAGS routine from GNU Scientific Library
(GSL*) which uses adaptive quadrature integration, in computation.
*https://www.gnu.org/software/gsl/manual/gsl-ref.pdf
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Figure 3.3 The (non-scaled) Newtonian potential from numerical calculation (line
with dots) compared to our parametric fitting formula given by Eq. 3.11(green
line). We set rs/rv = 0.91 (the critical compensate void).
Figure 3.4 The fractional difference δΦ˜ between parametric model and numerical
result Φ˜.
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Figure 3.3 is the computational result of non-scale Newtonian potential
Φ˜(x) in the case which rs/rv = 0.91. We also create the parametric model
Φ˜(x) ≃ A(1 + k0x2)−1(1 + k1x4)−1e−k2x2k3 , (3.11)
where A = −δc×0.1425, k0 = 0.68, k1 = 1.35, k2 = 0.15 and k3 = 0.57. From Fig-
ure 3.3, it is very clear that as r/rv approches to 3 the potential can be neglected.
The error of parametric model is illustrated by Figure 3.4.
3.2.2 Ray Tracing Method
The conformal time integral of ISW effect Eq. 1.36 can be written in the
form of redshift integral as
∆TISW(nˆ)
T¯
= − 2
c2
∫ zLS
0
∂
∂z
Φ(z, nˆ)dz. (3.12)
This integration can be discretised into different small redshift slices,
∫ zLS
0
∂
∂z
Φ(z, nˆ)dz →∑
i
{
Φ(zi+1, nˆ)− Φ(zi−1, nˆ)
}
. (3.13)
With linear perturbation density the summation can be described by
∑
i
{
Φ(zi+1, nˆ)− Φ(zi−1, nˆ)
}
=
∑
i
D+(zi)
{
Φ0(Dd(zi+1), nˆ)− Φ0(Dd(zi−1), nˆ)
}
,
(3.14)
where Φ0(Dd(z), nˆ) is the non-redshift evolution Newtonian potential at the an-
gular diameter distance Dd(z) in direction of nˆ.
Since Dd is nonlinear with z, therefore it is easier to sum over the interval
of z in logarithm scale,
log(1 + zi+1)− log(1 + zi) = constant. (3.15)
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Since we start from z0 = 0 and suppose that an integrand approaches to zero at
zN with N intervals of z. Hence
log(1 + zN)
N
= constant, (3.16)
and
log(1 + zi) = i · log(1 + zN)
N
. (3.17)
3.2.3 Simulations and Results
HSW profile is density profile for normal void. But in principle we can try
to extend the size of void to rv > 100 Mpc h−1. In our simulations, we specify
2300 intervals of redshift z and zN = 5. Initially, we considered 5 parameters to
do χ2 test, the size of void rv, central density contrast δc, the redshift of centre
of void Z0, α and β of HSW profile. Later on, we found that this is redundant.
Since, both α and β relate to rs and rs has more physical meaning than α and β.
Consequently, we consider rs instead α and β (see Eq. 1.29 and 1.30).
At first, we use OPENMP to do parallel computing. During that time
we found that because for 1 result of 1 parameters set the calculated time is
very short (30 second). That means the CPUs did not run with full potential
(70 % of CPU’s potential). It indicated that we needed to find another way. We
switched from OPENMP to parallel summited LINUX script. NARIT’s computers
cluster was used in this process. Figure 3.5, it is web application interface for
monitoring NARIT’s computers cluster. The application had shown that the many
System Usage of CPU. It means that the calculations are inefficiency because many
runtime of CPU loose to system runtime instead calculation runtime. This problem
may be caused by GNU Scientific Library (GSL) which is difficult to solve (almost
impossible if we still using this library).
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Figure 3.5 NARIT’s computer cluster usage.
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Figure 3.6 Cold spot temperature with ISW fitting: The thick red line is the best
fit from HSW void profile. The thin blue line is the best fit from LTB void profile.
Figure 3.6 shows CMB cold spot temperature and ISW effects from LTB
and HSW void profiles. For HSW we get best fit parameters z = 0.45, δ = −0.5,
rv = 190 Mpc h−1, rs/rv = 0.9 and χ2reduced = 0.99. We can see that HSW
profile approaches zero from negative while Finelli model approaches from positive.
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Figure 3.7 shows the contour plot of χ2 between parameters. We can see that
there are correlation between these sets of parameters. In fact, we should specify
δc = −0.5 and rs/rv = 0.91 (see Chapter I). If we follow that assumption we find
that rv = 190+20−30 Mpc h−1 and z = 0.45+0.60−0.13 is our best parameters fit.
Figure 3.7 Contour plot of χ2 between parameters.
3.3 Comment on Positive Temperature Fluctuation of
Cold Spot
From cold spot temperature profile, there is positive fluctuations from 12 to
15 degree apart from the centre. LTB Finelli et al. (2014) is well fit this positive
fluctuation while HSW profile can not give positive fluctuation. However, there
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are some research such as Nadathur et al. (2014) argue that Finelli et al. (2014)
could not explain cold spot. Nadathur et al. (2014) also shown that the positive
fluctuation only occur when we consider RS (non-linear ISW) effect but the effect is
relatively small when compare to ISW effect. Nadathur et al. (2014) had estimated
the RS effect and found that their result is different from Finelli et al. (2014) (see
Figure 3.8). In September 2015, (Finelli et al., 2014) reconsidered their model
again. The new model becomes more complicated and require parameters more
both than the 2014 model and HSW model. For HSW profile ISW we can interpret
that we need some overdense region near void to explain the positive fluctuation
of this cold spot.
Figure 3.8 The angular dependent of ∆TISW (blue solid curve) and ∆TRS (red
dashed) which are calculated by Nadathur et al. (2014). The RS anisotropy is
magnified by a factor of 100 for clarity. The green (dot-dashed) line shows the
calculation result of Finelli et al. (2014).
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3.4 CMB Weak Gravitational Lensing
In this section we will discuss about detail studying of weak lensing of
cosmic void on CMB temperature fluctuation. Lensing potential ψ, deflection
angel α, weak lensing induced temperature ∆Tlen will be explained in deep.
3.4.1 Lensing Potential
Recall lensing potential formula 1.48 which has speed of light c = 1. For
the arbitrary unit of c, we have,
ψ(θ⃗) = 2
c2
Ds
DdDds
∫
Φ(θ⃗, χ)dχ. (3.18)
Chantavat et al. (2016) had find the lensing potential for the effective (HSW)
void with parameters rs/rv = 0.91 and δc = -0.85.
ψ(b/rv, rv, z) ≃ S(rv, z)× ψ˜(b/rv), (3.19)
where the impact parameter b = Ddθ, ψ˜(x) is the scale-invariant lensing potential
and S(rv, z) is the lensing potential scaling factor.
ψ˜(x) = ψ0 exp(Γ0xγ0)× (1.0 + xγ1)γ2 , (3.20)
where ψ0 = 9.06 × 10−2 Mpc2 h−2, γ0 = 1.29, γ1 = 2.86, γ2 = −1.72 and Γ0 =
−0.31.
S(rv, z) =
16piG
c2
Ωmρcri
(
rv
Mpc h−1
)3 (1 + z)3D+(z)
(Dd/Mpc h−1)
. (3.21)
Note that the growth function D+(z) indicates that this solution obey the
time-evolution of void. This fitting function for the lensing potential is accurate
within 10% over the range well within 3rv (see Figure 3.9).
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Figure 3.9 Top panel displays the void lensing potential for rv = 30.0 Mpc h−1
at z = 0.5. Bottom panel shows the fractional difference between the anylitical
fitting function and the lensing potential calculated numerically. The picture is
captured from Chantavat et al. (2016)
3.4.2 Deflection Angle
Let ξ = b/rv, now an angular gradient operator ∇θ becomes,
∇θ = Dd
rv
∇ξ = Dd
rv
(
∂
∂ξi
,
∂
∂ξij
)
, (3.22)
where
ξ2 = ξ2i + ξ2j , (3.23)
and
∂
∂ξi
= ∂ξ
∂ξi
∂
∂ξ
= ξi
ξ
∂
∂ξ
. (3.24)
Now we can take the derivative to ψ to get the deflection angle α⃗.
α⃗ = ∇θψ = S(rv, z)Dd
rv
ψ˜(ξ)
ξ
×
[
Γ0γ0ξγ0−1 − γ0γ1ξ
γ1−1
1 + ξγ1
]
( ξi, ξj). (3.25)
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Figure 3.10 Left: The original unlensed CMB fluctuations map in the region
of interest. Right: The additional secondary CMB fluctuations caused by weak
gravitational lensing from a cosmic void in the foreground.
3.4.3 Weak Lensing CMB temperature
As explained in Chapter 1, weak lensing does not change the temperature
of CMB directly but change the photon’s paths. So we require the CMB map
background to compute the weak lensing temperature. The CMB map can be
generated by HEALPix through ’synfast’ function. We specify the number of
pixels to 12 × 20482 and consider on the area of size 6 × 6 square of degree. We
now, can calculate ∆Tlen by using Eq. 1.49 and 3.25.
Figure 3.10 shows a secondary CMB fluctuation temperature map due to
weak lensing effect. Unlike lensing potential and deflection angle, the pattern
of fluctuation is not symmetric due to the non-symmetry in CMB background
temperature map. Eq. 1.49 implies that the CMB lensing will strong if the contrast
on CMB map is high. Similarly, if the contrast on CMB map low the CMB lensing
is also low. As shown by Figure 3.10 the CMB contribution on CMB is relatively
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Figure 3.11 The 1D lensing contribution on CMB temperature fluctuation the
error bars are the uncertainties of 30 maps stacking.
low to the original CMB due to the smooth of CMB background. The 1D plot
Figure 3.11 shows that if we consider only CMB temperature we can not distinguish
between either noise or weak lensing contribution. So in studying the cold spot
we should ignore the CMB lensing.
CHAPTER IV
MULTIVOID MODEL
4.1 Void Abundance
The origin of CMB cold spot may not be a super-void but the multiple
normal size of voids align in local region or in short multi-voids. From previous
section, we had illustrated the ray tracing method to calculate ISW effect. In
order to apply this method to multi-voids system we need to know exactly where
do those voids locate. In principle, we can random voids’ locations. But it is very
complicate in the implementation process and extreamly computational intensive.
So instead of generating the voids’ positions randomly we switch to statistical
population of cosmic voids approach. Hence, the void abundance is considered.
Here, the void abundance is summarised. The reader who want to understand
in detail level can follow Pisani et al. (2015). The abundance of voids can be
described by
M2n(M, z)
ρ¯
dM
M
= νf(ν)dν
ν
, (4.1)
where M is the void mass, ρ¯ the background density, and n(M, z) the number
density of voids of given mass and redshift. The fraction f(ν) of mass that has
evolved into voids can be approximated as:
νf(ν) ≈
√
ν
2pi exp(−ν/2), (4.2)
where ν = δ2ν
σ2(M) , δν is the critical underdensity of void formation and σ2(M) is
the variance of linear density fluctuations on a scale R = ( 3M4piρ¯)−1/3. The variance
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of linear density fluctuations can be calculated by
σ2(M) = 12pi2
∫ ∞
k2P (k)w(kr)2dk, (4.3)
where P (k) is the linear power spectrum of density perturbations and w(kr) is the
windows function, given by
w(kr) = 3sin(kr)− krcos(kr)(kr)3 , (4.4)
where, k is the comoving wave number. In linear Cold Dark Matter (CDM) model
the power spectrum can be written as
P (k, z) ∝ knT 2(k)D2+(z), (4.5)
where T (k) is the transfer function which can be solving Einsteien-Boltzmann
equation. Software library such as ’CosmoloPy’* can be used to calculate both the
variance of density fluctuations σ2(M) and P (k, z). From Pisani et al. (2015),
indicates that the appropriate value of δν is -0.45. Note that this number density
n(M, z) only tells us how many voids are in the given volume V (z). It dose not
tell how voids distribute within the volume. From Eq. 4.1 we can calculate the
expected number of void in redshift range z to z + ∆z with the radii range R to
R +∆R as:
N =
∫ z+∆z
z
dz
∫ R+∆R
R
dR
∫
Ω
n(R, z)dΩ dV
dzdΩ (4.6)
where dV is the comoving volume element and the angular integration is over the
angular size of the consideration. From Eq. 4.1 and 4.6, it is clear that the number
of voids depend on the cosmological model through σ and the differential volume
element.
*http://roban.github.io/CosmoloPy/
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4.2 The Probability of Findding A Super-Void
Consider ΛCDM cosmology with cosmological parameters ΩΛ = 0.7, Ωm =
0.3 and h = 1, we can use Eq. 4.1 and 4.6 to find the density over 0.05 < z < 5
region with minimum radii of void Rminv . Figure 4.1 illustrate the void abundance
where the integration in Eq. 4.6 is performed from Rminv to 1000 Mpc h−1. From
the plot we can see that the number density of void decrease when the radius
increase.
Figure 4.1 The plot between logarithm of number density n in the unit volume
(Mpc3 h−3) and the minimum radii Rminv of consideration.
In the previous chapter, we had shown that the best-fit radius of HSW
profile to CMB cold spot anomaly is rv = 190 Mpc h−1. We can calculate the
probability to find such void of size by find the ratio between number of void of
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size greater than 150 and 10 Mpc h−1, respectively.
P(rv > 150 Mpc h−1) =
n(Rminv = 150 [Mpc h−1])
n(Rminv = 10 [Mpc h−1])
. (4.7)
By using Eq. 4.7 we find that P(150 Mpc h−1) ≈ 10−16. This very small probability
means that if we believe in ΛCDM and the void abundance theory correct, the
super-void is unlikely. On the other hands, ΛCDM model may need to be verified.
However, if the ΛCDM model is correct and such a super-void does exist, we may
need to invoke the multiverse cosmology. In multiverse cosmology, we can interpret
the small probability to find the super-void as there should be at least 1016 local-
Universes to ensure that the super-void really exists. And it is just coincidental
that our Universe has one of this super void.
4.3 ISW of Multiple Voids Along The Same Line of Sight
The ray tracing method require the well known position of each void. But
our number density only tell us how many voids in the volume. Hence, for sim-
plicity, we may assume that all of voids’ centre align in the same direction by
considering the sky area 5×5 square degree. In addition we also consider that all
voids have the same effective radius reff and the same central density contrast δc.
The effective radius reff can be evaluated by
reff =
∫∞
0 dz
∫∞
Rminv
RdR
∫
Ω n(R, z)dΩ dVdzdΩ∫∞
0 dz
∫∞
Rminv
dR
∫
Ω n(R, z)dΩ dVdzdΩ
. (4.8)
Note that this effective radius reff is sensitive to the minimum radius of void Rminv
that we consider. We define density weight function n˜(z, Rminv ) by
n˜(z, Rminv ) =
∫ ∞
Rminv
dR
∫
Ω
n(R, z)dΩ dV
dzdΩ . (4.9)
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Now if we have voids of radius reff locate at z0 with the potential Φ(z, z0, θ), the
ISW effect of these voids will be given by
∆TISW(θ)
T¯
= − 2
c2
∫ zLS
0
n˜(z0, Rminv )dz0
∫ zLS
0
dz
∂Φ(z, z0, θ)
∂z
. (4.10)
The integration with respect to z is just the ISW for a single void, while the
integration with respect to z0 is the integration of ISW from all of void with
density weight function n˜(z0, Rminv ).
4.3.1 Calculations
In the simulations the scale radius to void characteristic radius ration rs/rv
is specified to be 0.91. As a consequent, it means that the Newtonian potential
in simulations is well defined by Eq. 3.11. Our free parameters are central density
contrast δc and the minimum radius of void Rminv . Initially, we had used GSL to
integrate Eq. 4.10 but we found that there was a problem with the boundary of
integration. Later on, GSL-QAGS function was gave up and replaced by Simpson’s
rule method.
Figure 4.2 illustrates the ISW effect of multiple voids with minimum radius
10 Mpc h−1 and central density contrast -0.6 in the same line of sight. We can
see that ISW profile is very similar to negative Dirac delta function. This happen
because for a single void the ISW fluctuation approaches to zero when r/rv > 3
and when we add ISW effect from many voids in the same line of sight obviously,
the result should be similar to top-hat (or delta) function. We can conclude that
the multiple voids in the same line of sight could not be used to describe the origin
of CMB cold spot anomaly. So we need the multiple voids model that all voids’
centre do not share the same line of sight. Besides, such configuration very unlikely
to happen in nature.
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Figure 4.2 The plot between the ISW induced temperature ∆TISW of multiple
void align in the same line of sight and the angular radius, the fluctuation profile
look like negative delta function. All voids are supposed to be the same.
4.4 Multi-Voids Align in Different Lines of Sight
From previous section we can see that the model of multiple voids align in
the same line of sight fail in describe the origin of CMB cold spot anomaly. It
require the model which voids’ centre align in different lines of sight. When we
consider Figure 4.2, it is obvious that the ISW profile is very similar to negative
Dirac delta function. The cold spot temperature profile (see Figure 2.4) also
look like negative Gaussian function. Following that consideration, if we make a
assumption that voids locate in the perpendicular line of sight by the 2D normal
distribution.
F⊥(ϕx, ϕy) = A exp(−(ϕ2x + ϕ2y)/σ2), (4.11)
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where A is the multiple factor of voids number to satisfy the peak decrement
temperature of cold spot. Therefore, the ISW temperature fluctuations at any
given point θ in the sky has contributions from multiple voids locate at various
(ϕx, ϕy) can be given by
∆TISW(θ) =
∫
ϕ
d2ϕ F⊥(ϕx, ϕy) ∆T˜ (θ, ϕx, ϕy). (4.12)
where ˜T (θ, ϕx, ϕy) is the ISW contributions from voids located at (ϕx, ϕy). Note
that this equation can be applied to any kind of distribution F⊥(ϕx, ϕy), in our case
F⊥(ϕx, ϕy) is defined by Eq. 4.11, the normal distribution. Since our distribution
is spherically symmetry, the 2D-integration Eq. 4.12 can be calculated by
∆TISW(θ) = 2pi
∫
ϕ
ϕdϕ F⊥(ϕ) ∆T˜ (θ, ϕ), (4.13)
where ϕ2 = ϕ2x+ϕ2y. Again, we can estimate Eq. 4.13 by transform to a summation,
∆TISW(θ) ≃ 2pi
∑
i
{
1
2[F⊥(ϕi+1)ϕi+1 + F⊥(ϕi−1)ϕi−1]×∆T˜ (θ, ϕi)
}
. (4.14)
Now the total number of void Ntotal will be
Ntotal = 2pi
∫ ∞
0
ϕdϕF⊥(ϕ)NΩ, (4.15)
where NΩ is given by Eq. 4.6 with the solid angle ∆Ω. Because NΩ does not
depend on ϕ, then, for our F⊥(ϕ) (see Eq. 4.11) Eq. 4.15 will be
Ntotal = 2Apiσ2 ×NΩ (4.16)
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4.4.1 χ2 Test
We can do the χ2 test of fitting CMB cold spot with multi-voids model
by using Eq. 4.14. Reminding that, we have four free parameters, the central
density contrast δc, the minimum radius Rminv , the multiplie A (see Eq. 4.11) and
the uncertainty of re-distributed voids on redshift plane σ. In this process we had
considered ranges of parameter :
5 6 Rminv 6 30 [Mpc h−1],
−0.9 6 δc 6 −0.2,
0 6 A 6 12,
1 6 σ 6 5.5, [◦].
Figure 4.3 illustrates comparison between ISW temperature anisotropy (purple
Figure 4.3 The plot between ISW temperature fluctuation of the best fit param-
eters set and CMB cold spot temperature profile.
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solid line) of the best parameters set and the cold spot temperature profile. The
best fit parameters are :
δc = −0.3 ,
Rminv = 10 Mpc h−1 ,
A = 8.5 ,
σ = 3.7 ,
χ2reduced = 0.946 .
If we consider only χ2reduced of the best fit parameters set, the model seems
very promising. However the modelling without uncertainty is meaningless. Again,
we used χ2reduced contour plot to constrained the uncertainty of multi-voids align
in different lines of sight [with normal distribution] model. Figure 4.4 shows that
there are two local minima when we hold A and σ fix as their best fit values.
Figure 4.5, 4.6, 4.7 and 4.8 illustrate a good constraint of our parameters. However
many local minimum points are showed by contour plot between δc and A. This
means A correlates to δc. Consequently, we need to specify either δc or A. It is
the parameter that how many voids that we represent in the model, the higher
A is, the higher number of voids will be. The higher number of voids means the
lower of temperature fluctuation. While the lower δc leads to colder fluctuation.
Fortunately, we can use nonlinear relationship between δc and rv which is implied
by Figure 1.8 (see Hamaus et al. (2014)).
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Figure 4.4 χ2 contour plot between Rminv and δc with best fit of A and σ. The χ2
values 26, 29.2 and 32.4 represent 1σ, 3σ and 5σ standard deviation respectively.
The uncertainty σ can be found by plot contour line that χ2 value equal to the
number of degree of freedom (Press et al., 2007).
Figure 4.5 χ2 contour plot between σ and δc with best fit of A and Rminv . The χ2
values 26, 29.2 and 32.4 represent 1σ, 3σ and 5σ standard deviation respectively.
The uncertainty σ can be found by plot contour line that χ2 value equal to the
number of degree of freedom (Press et al., 2007).
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Figure 4.6 χ2 contour plot between σ and Rminv with best fit of δc and A. The χ2
values 26, 29.2 and 32.4 represent 1σ, 3σ and 5σ standard deviation respectively.
The uncertainty σ can be found by plot contour line that χ2 value equal to the
number of degree of freedom (Press et al., 2007).
4.4.2 Reducing Degeneracy Using δc and rv Relationship
From Figure 1.8 in chapter I, there is relationship between δc and rv. This
relationship can help us to reduce the degeneracy between A and δc seen in Fig-
ure 4.9.
δc =

−0.0001r2v + 0.0174rv − 1.03, 5 < rv < 75 Mpc h−1
−0.5, rv < 75 Mpc h−1.
(4.17)
This time our number of free parameters reduces to 3, Rminv , A and σ. We still
need to know δc average δ¯c by:
δ¯c =
∫∞
0 dz
∫∞
Rminv
δc(R)dR
∫
Ω n(R, z)dΩ dVdzdΩ∫∞
0 dz
∫∞
Rminv
dR
∫
Ω n(R, z)dΩ dVdzdΩ
. (4.18)
From previous result we found that there is degeneracy between δc and A. Now δc
is a function of rv. Therefore, we expect that there would remains some correla-
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Figure 4.7 χ2 contour plot between σ and A with best fit of δc and Rminv . The χ2
values 26, 29.2 and 32.4 represent 1σ, 3σ and 5σ standard deviation respectively.
The uncertainty σ can be found by plot contour line that χ2 value equal to the
number of degree of freedom (Press et al., 2007).
tions between Rminv and A. With the effective δ¯c, the best fit parameters set now
becomes,
Rminv = 5+2−0 Mpc h−1 , (4.19a)
A = 1.75+0.25−0.25 , (4.19b)
σ = 3.7+0.3−0.3 , (4.19c)
χ2reduced = 0.938 . (4.19d)
As we expect, there is small correlation between Rminv and A as showed by Fig-
ure 4.12. With A = 1.75, the number of voids will be 36283025. If we consider
the fact that the normal distribution approaches zero as ϕ → 3σ, it means that
we consider voids in the area of ≈ (3σ)2 on the sky. The number of voids in such
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Figure 4.8 χ2 contour plot between A and Rminv with best fit of δc and σ. The χ2
values 26, 29.2 and 32.4 represent 1σ, 3σ and 5σ standard deviation respectively.
The uncertainty σ can be found by plot contour line that χ2 value equal to the
number of degree of freedom (Press et al., 2007).
volume (σ = 3.6◦) given by the standard LSS formation theory (see Eq. 4.1) is
4800000. Hence, to fit the cold spot it requires the number of voids 7.6 times the
number from standard LSS formation theory.
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Figure 4.9 χ2 contour plot between δc and A with best fit of Rminv and σ. The
χ2 values 26, 29.2 and 32.4 represent 1σ, 3σ and 5σ standard deviation respec-
tively.The uncertainty σ can be found by plot contour line that χ2 value equal to
the number of degree of freedom (Press et al., 2007).
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Figure 4.10 χ2 contour plot between σ and Rminv with best fit of A. The χ2 values
26, 29.3 and 32.6 represent 1σ, 3σ and 5σ standard deviation respectively. The
uncertainty σ can be found by plot contour line that χ2 value equal to the number
of degree of freedom (Press et al., 2007).
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Figure 4.11 χ2 contour plot between A and σ with best fit of Rminv . The χ2 values
26, 29.3 and 32.6 represent 1σ, 3σ and 5σ standard deviation respectively.The
uncertainty σ can be found by plot contour line that χ2 value equal to the number
of degree of freedom (Press et al., 2007).
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Figure 4.12 χ2 contour plot between Rminv and A with best fit of σ. The χ2 values
26, 29.3 and 32.6 represent 1σ, 3σ and 5σ standard deviation respectively.The
uncertainty σ can be found by plot contour line that χ2 value equal to the number
of degree of freedom (Press et al., 2007).
CHAPTER V
CONCLUSION
5.1 Summary of The Main Results
In this thesis, we aim to investigate one of the unsolved problem in modern
cosmology, namely the origin of CMB cold spot anomaly. In chapter I, we had
reviewed requirement knowledge cosmological theory and its observation support
evidence such as CMB, Type Ia supernovae etc. The WMAP’s CMB experiments
had shown that there is some anomaly results such as the large cold spot which
has ten times lower than temperature fluctuation and approximately10 degree an-
gular radius on the sky. Since this structure can not be combinated by ΛCDM
framework, thus, the origin of CMB cold spot need to be investigated. Since the
origin of the cold spot is not expected from primordial CMB anisotropy fluctua-
tions, then we aim to study CMB cold spot as secondary CMB fluctuations. For
the large scale, the secondary CMB anisotropy fluctuations could be cause by the
late time ISW effect, RS, SZ or weak gravitational lensing effect. In this thesis we
only consider the effects from ISW and weak lensing. The source of ISW effect
should be the cosmic void, the underdense structure. Throughout the thesis, we
consider 3 models of cosmic voids. The first one is called LTB. The second is
HSW. Both LTB and HSW models are treat as the single super-void. The last
is multiple voids model which is considered as the multiple normal size of HSW
voids align in the considered cosmic volume.
In chapter II, the data from Planck satellite was discussed. We used data
from SMICA pipeline which covers frequency range from 30 to 857 GHz in nine
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frequency bands and has maximum angular resolution up to lmax = 4000. We had
demonstrated the data analysis method for obtaining 1D CMB cold spot temper-
ature profile. The Fits file from SMICA was read by HEALpix python (Healpy).
The 1D temperature profile can be calculated by average the temperature of pixel
indices inside the rings of consideration. After measure data, we found that the
CMB cold spot anomaly has 1D temperature profile very similar to negative Gaus-
sian function with some positive value of fluctuation (see Figure 2.4). The error
bar of cold spot profile is the normal uncertainty of CMB fluctuation (18 µK) plus
the instrument noise (2 µK). From Figure 2.4, we can see that the angular radius
of the cold spot is not just 10 degree but can be considered as 20 degree.
In chapter III, we modelled a single super void as the origin of CMB cold
spot anomaly. For LTB model, we used nonlinear ISW (or RS) effect (see Eq. 3.1)
which proposed by (Finelli et al., 2014), to constrain LTB void parameters with
the cold spot 1D temperature profile. We found that the best fit parameters
set for LTB is the central density contrast δc = −0.13+0.05−0.05, the radius of void
rv = 168+15−14 Mpc h−1 and the redshift of void z = 0.13+0.09−0.05 with the goodness of fit
χ2reduced = 0.98. After that we calculate the ISW effect for HSW model by using ray
tracing method. HSW model gives us the best fit parameter set, δc = -0.5 (specific
value), the scale radius rs/rv = 0.91, rv = 190+20−30 Mpc h−1 and z = 0.45+0.60−0.13 with
the goodness of fit χ2reduced = 0.99. In addition to ISW effect, we discussed about
weak gravitational lensing effect. Because the weak gravitational lensing does not
change the temperature of photon, but it change the trajectory of photon. Hence,
the weak gravitational lensing can change the appearance of CMB map. This
means the weak gravitational lensing effect is background dependent effect. If the
CMB map background has low contrast the weak lensing contribution will end up
as insignificant. As ΛCDM states that, on large scale the Universe is said to be
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smooth that means low cosmic variance, consequently we expect negligible effect
from weak gravitational lensing as illustrated by Figure 3.11. So we can conclude
that in both a super void and multiple voids models weak gravitational lensing
can be ignored.
In chapter IV, the ISW effect of multiple voids had been calculated. Firstly,
we considered the number density of void as a function of size and redshift by work
of Pisani et al. (2015). We found that for the void of radius greater than 150 Mpc
h−1, the probability to find such void is roughly 10−16. In the simulation we used
statistical approach to calculate the ISW effect from multiple voids. For simplicity,
we made the assumption that all voids have the same size, same central density
contrast and same line of sight. Later on we found that this assumption led us
to ISW temperature profile like negative delta function (see Figure 4.2). We add
another assumption that there is a correlation of voids across red shift bins such
a way that the number of voids in the direction perpendicular to line of sight are
normally distributed (see Eq. 4.11, 4.12 and 4.13). This adding assumption give
better goodness of fit χ2reduced. But because the high degenracy between parameter
A and the minimum radius of voids δc, we reconsider the fitting process by adding
the relationship between the central density contrast δc and void’s radius rv (see
Eq. 4.17). This time we obtained the well constrained of multiple voids model
with the best fit parameters set, Rminv = 5+2−0 Mpc h−1 , A = 1.75+0.25−0.25, σ = 3.7+0.3−0.3
and the goodness of fit χ2reduced = 0.938. It corresponds to 36283025 number of
voids which 7.6 times value of standard LSS formation theory. This result shows
that the super void model is not the unique solution of the origin of CMB cold
spot anomaly.
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Table 5.1 Summary of best fit parameters.
Model rv δc z0 rs/rv σ A χ2
LTB 2014 168+15−14 −0.13+0.05−0.05 0.13+0.09−0.05 N/A N/A N/A 0.98
HSW 190+20−30 -0.5 0.45+0.60−0.13 0.9 N/A N/A 0.99
Multi-voids 5+2−0 -0.92 N/A 0.9 3.6+0.3−0.3 1.75+0.25−0.25 0.94
5.2 Final Conclusions and Future Prospects
From studying, we find that on large scale the secondary CMB anisotropy is
likely to be dominated by ISW effect. The simulations results show that both single
void and multiple voids models are well fitting to the CMB cold spot temperature.
In this thesis one of our main points is that the single void (especially LTB voids)
model is not the unique solution for the origin of CMB cold spot anomaly. The
results from LTB, HSW and multiple voids model are equally in term of goodness
of fit. The question is what is the most likely to be ?
Firstly, consider LTB (Finelli 2014) model, the Newtonian potential of this
model only is Guassian function. If we calculate the ISW effect of this model
we will fine that there should not be positive fluctuation (see Figure 3.8). While
(Finelli et al., 2014) claimed that their calculation is the RS effect. (Nadathur
et al., 2014) had shown that this should be wrong. Recently, Finelli et al. (2015)
reconsider their research and find that their model should be fixed. The new model
of Finelli et al. (2015) still used LTB geometry embedded in ΛCDM background
framework but now the density profile of void is too complicated. The radius of
new void model extend from 150 Mpc h−1 to 300 Mpc h−1. This new size of void is
almost unlikely to be in standard ΛCDM according to void number density theory
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(see chapter IV, Eq. 4.2 and 4.7).
For single HSW void, We have two concern problems, the big size of void
(rv = 190 Mpc h−1) and the inability of description of the positive temperature
fluctuation of cold spot. In fact, we do not expect that the HSW model is well
model the large size of void because HSW model is obtained by N-body simulation
in ΛCDM framework which only well define small size of voids. We also find that
rs/rv and δc of the size of void are also well satisfied the universality of HSW
profile. This should be another support evidence of the university of HSW profile.
The number density distribution of voids, indicate that super HSW void faces the
low probability problem like LTB model. For the problem of positive temperature
fluctuation of CMB cold spot, may be only void’s ISW effect is not enough. The
positive fluctuation should be caused by galaxy cluster. The positive induced
temperature of RS (or nonlinear ISW) effect is not unlikely due to large scale of
cold spot.
Both single void models require the very big size of void. They face the
low probability problem. He can interpret the low probability of existence in four
ways. The first way is that just low possibility and the cold spot (super void)
just surprising existent structure. Or may be, the void’s number density theory is
incomplete. Another interpretation is that there must be something that we do
not taking to account in standard ΛCDM. The last interpretation is the multiverse
model cosmology. May be it is just the coincident of our Universe to has the super
void.
For multiple voids model, we try to do realistic simulation as much as
possible by put the number density distribution of voids in the simulation. But
still we also add special assumption such as the number density of voids in the
redshift plane. Now this time, the definition of probability of this event to be real is
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not well defined. What we learn from the number density of voids in the redshift
plane is that σ parameter of normal distribution indicate the interaction range
among the voids in redshift plane. The bigger σ mean the stronger interaction of
voids in redshift plane.
So far, we had been only considered the CMB cold spot temperature profile.
We can not distinguish the origin of cold spot by just consider ISW effect from the
single void or multiple voids. We need other observation such as CMB polarisation
(Lewis and Challinor, 2006). Because weak lensing of background dependent effect
the pattern of CMB polarisation of the single void and multiple voids should be
different.
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APPENDICES
APPENDIX A
1D COLD SPOT ANOMALY TEMPERATURE
PROFILE
Table A.1 1D Cold Spot Anomaly Temperature Profile.
θ(o) ∆T (µK)
0.5 -160.29
1.5 -147.27
2.5 -125.42
3.5 -131.43
4.5 -70.05
5.5 -42.40
6.5 -32.98
7.5 -17.97
8.5 -22.38
9.5 -10.01
10.5 3.75
11.5 6.34
12.5 28.93
13.5 44.18
14.5 39.56
15.5 41.04
Continued on next page
81
Table A.1 – continued from previous page
θ(o) ∆T (µK)
16.5 34.51
17.5 37.92
18.5 17.19
19.5 24.05
20.5 28.31
21.5 8.66
22.5 3.07
23.5 12.61
24.5 10.98
25.5 6.29
26.5 6.03
27.5 1.32
28.5 4.03
29.5 1.96
APPENDIX B
MORE ON THEORETICAL ISW AND RS
EFFECTS
B.1 Perturbed Photon Propagation
Consider the line element in a perturbative metric in spatially flat
FLRW spacetime (with conformal time τ),
ds2 = a2[−(1 + 2Ψ)dτ + (1 + 2Φ)δijdxidxj], (B.1)
where Ψ and Φ are Newtonian potential and curvature perturbation respectively.
He define the conformal Hubble quantity H as,
H ≡ 1
a
da
dτ
= Ha. (B.2)
The photon that propagates through this space still obey the null geodesic and
momentum energy relationship
kµkµ = 0, (B.3)
dkµ
dλs
+ Γµαβkαkβ = 0, (B.4)
where λs is an affine parameter and kµ = dxµ/dλs is the photon 4-momentum.
The solution of these equation will lead us to the propagation of photon definitely.
We can simplify Eq. B.4 by split momentum in to background and perturbative
form,
kµ = kˆµ + δkµ. (B.5)
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At background level, the zeroth component of geodesic equation is
dkˆ0
dλs
= −2H(kˆ0)2, (B.6)
where we have used Γ000 = H for the flat FLRW metric with the conformal time
τ . Integrate above equation, we obtain
kˆ0 = dτ
dλs
∝ a−2. (B.7)
This leads to the fact that the frequency redshifts of photon is proportion to 1/a,
since f = dt/dλs = adτ/dλs. Perturbing the null-geodesic equation, gives
δkµkˆµ + kˆµδkµ = 0. (B.8)
For radial trajectories the null path condition of photon ds2 = 0 leads to
(1 + Ψ)dτ = (1 + Φ)dr, (B.9)
or
dτ
dλs
= (1 + Φ−Ψ) dr
dλs
, (B.10)
which gives
kˆ0 + δk0 = (1 + Φ−Ψ)(kˆr + δkr). (B.11)
We can use the zero-th order equation to obtain kˆ0 = kˆr. The first-order terms
give
δk0 + δkr + kˆ0(Φ−Ψ). (B.12)
The second order perturbation of Eq. B.4 is ,
dk0
dλs
= −2H(k0)2 − (k0)2
(
∂Φ
∂τ
+ ∂Ψ
∂τ
+ 2∂rΨ
)
(B.13)
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Dividing by k0 = dτ/dλs, the equation can be rewritten as
1
a2k0
d(a2k0)
dτ
= −
(
∂Φ
∂τ
+ ∂Ψ
∂τ
+ 2∂rΨ
)
. (B.14)
From k0 = kˆ0 + δk0 and Eq. B.6, we can refer that
1
a2k0
d(a2k0)
dτ
→ d(δk
0/k0)
dτ
, (B.15)
where, at first-oder, we can put equivalently k0 and kˆ0 at the denominator. Now
Eq. B.14 becomes
d(δk0/k0)
dτ
= −
(
∂Φ
∂τ
+ ∂Ψ
∂τ
+ 2∂rΨ
)
. (B.16)
B.2 The Sachs-Wolfe effect
Consider Eq. B.16, we realise that there are relation
kˆ0
(
∂Ψ
∂τ
+ ∂rΨ
)
= ∂Ψ
∂τ
dτ
dλs
+ ∂Ψ
∂r
dr
dλs
= dΨ
dλs
→ ∂Ψ
∂τ
+ ∂rΨ =
dΨ
dτ
. (B.17)
Note that, kˆ0 = dτ/dλs and dτ = dr along the unperturbed photon path. Now,
Eq. B.16 can be written as
d(δk0/k0)
dτ
= −2dΨ
dτ
−
(
∂Φ
∂τ
− ∂Ψ
∂τ
)
. (B.18)
Integrating Eq. B.18 leads us to
δk0
k0
∣∣∣∣∣
0
E
= −2Ψ|0E −
∫ O
E
(
∂Φ
∂τ
− ∂Ψ
∂τ
)
dτ, (B.19)
where O and E represent the instants of observation and emission, respec-
tively, and Ψ|OE ≡ ΨO −ΨE.
The first term is known as the “Sachs-Wolfe” effect and the second term is
the ISW effect, the main studying in this thesis. The temperature of a black body
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distribution of photons is linearity to average frequency fˆ . Preciously, for a body
moving with respect to us with velocity uµ emit photons with four-momentum kµ,
the temperature of photons which is measure by us is proportional to −kµuµ = fˆ .
Hence if a photon is emitted at E and observed at O, the relationship between
emission temperature TE and observed temperature T0 is
TO
TE
= (k
µuµ)O
(kµuµ)E
. (B.20)
Clearly, the observed temperature fluctuation is
∆T
T
∣∣∣∣∣
O
= ∆T
T
∣∣∣∣∣
E
+ δ(k
µuµ)
kµuµ
∣∣∣∣∣
O
− δ(k
µuµ)
kµuµ
∣∣∣∣∣
E
. (B.21)
The four-velocity of the perturbed metric (Eq. B.1) is uµ = [−a(1 +Ψ), avi] (Cai
et al., 2009). Consider second term of the right hand side of Eq. B.21. The
non-zero first-order elements are
k0δu0
kµuµ
= δuµ
u0
= Ψ, (B.22)
kiδui
kµuµ
= k
iδuµ
k0u0
= − k
i
k0
vi = eivi, (B.23)
where ei ≡ −ki/k0 is the basis vector, and the term (δk0)u0/(kµuµ) = δk0/k0 is
given in Eq. B.19.
Now, Eq. B.21 becomes
∆T
T
∣∣∣∣∣
O
= ∆T
T
∣∣∣∣∣
E
+ eivi|OE −Ψ|OE +
∫ O
E
(
∂Φ
∂τ
− ∂Ψ
∂τ
)
dτ. (B.24)
The first term is the intrinsic photon fluctuation at the emission event (for CMB
it is last scattering surface). The second term represents the Doppler shift. If the
Universe have no anisotropic stress (standard ΛCDM), we have Ψ = −Φ. Then
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the ISW effect will be
∆TISW(nˆ)
T
= −2
∫ ∂Φ(nˆ, τ)
∂τ
dτ, (B.25)
or in redshift z representation
∆TISW(nˆ)
T¯
= − 2
c2
∫ ∂
∂z
Φ(z, nˆ)dz. (B.26)
The potential Φ relate to the matter density fluctuation via Poisson equation,
∇2χΦ(nˆ, z) =
3H20
2 Ωm
δ(nˆ, z)
a
. (B.27)
In linear perturbation theory, the density fluctuation is related to the linear growth
factor by δ(nˆ, z) = D+(z)δ(nˆ, 0). Therefore, Eq. B.26 and B.27 indicate that,
∆TISW
T¯
∝ d
dz
[
D+(z)
a
]
. (B.28)
In the case of the flat Universe this would be zero unless the existence of accelerated
expansion of the Universe (Λ). So, this make the ISW effect is a good tool to study
the dynamic of accelerated expansion of the Universe.
B.3 Angular Power Spectrum of ISW
From Eq. B.25, Expanding the pattern of δISWT = ∆TISWT¯ , in terms
of spherical harmonics gives,
alm =
∫
δISWT (rˆ)Y ∗lm(rˆ)drˆ, (B.29)
or in another form
alm = −2
∫
Y ∗lm(rˆ)
∫
Φ˙(rˆ, τ)dτdrˆ, (B.30)
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where Φ˙ = ∂Φ/∂τ . Writing Φ˙ in terms of a Fourier expansion and using the spheri-
cal harmonic expansion of plane wave, exp(i⃗k · r⃗) = 4piΣlmiljl(kr)Y ∗lm(kˆ)Ylm(rˆ) this
becomes
alm = − 2(2pi)3
∫
Y ∗lm(rˆ)
∫ ∫
Φ˙(k⃗, τ) exp(i⃗k · r⃗)dk⃗dτdrˆ (B.31)
= −2× 4pi(2pi)3
∫
Y ∗lm(rˆ)
∫ ∫
Φ˙(k⃗, τ)× (B.32)
∑
l′m′
iljl(kr)Y ∗l′m′(kˆ)Yl′m′(rˆ)dk⃗ dτ drˆ (B.33)
= − 1
pi2
∫ ∫
Φ˙(k⃗, τ)iljl(kr)Y ∗lm(kˆ)dk⃗ dτ. (B.34)
The angular power spectrum Cl can be evaluate by
Clδll′δmm′ = ⟨alma∗l′m′⟩ (B.35)
= 1
pi4
⟨∫ rL
0
∫
Φ˙(k⃗, r)iljl(kr)Y ∗lm(kˆdk⃗dr (B.36)
×
∫ rL
0
∫
Φ˙∗(k⃗′, r′)il′jl(k′r′)Y ∗l′m′(kˆ′)dk⃗′dr⃗′
⟩
, (B.37)
where rL indicate that the integration has perform from the present posi-
tion to the last scattering surface. Using the identity of power spectrum of Φ˙ ,
⟨Φ˙(k⃗)Φ˙∗(k⃗′)⟩ ≡ (2pi)3δ(k⃗− k⃗′)PΦ˙Φ˙(k), and the orthogonality relationship of spher-
ical harmonics ∫
4pi
Y ∗lm(rˆ)Yl′m′(rˆ)drˆ = δll′δmm′ (B.38)
Eq. B.35 becomes
Clδll′δmm′ =
8
pi
2
pi
∫ ∫ rL
0
∫ rL
0
PΦ˙Φ˙(k, r, r′)iljl(kr)Y ∗lm(kˆ) (B.39)
× il′jl(kr′)Yl′m′(kˆ)dr′dr′dk⃗ (B.40)
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= 8
pi
∫ ∫ rL
0
∫ rL
0
k2PΦ˙Φ˙(k, r, r′)jl(kr)jl(kr′)dr′dkδll′δmm′ (B.41)
Cl =
8
pi
∫ ∫ rL
0
∫ rL
0
k2PΦ˙Φ˙(k, r, r′)jl(kr)jl(kr′)dr′dk. (B.42)
For small angular seperations, θ, at comoving distance, r, the wave number,
k, can be expressed in terms of its components parallel and perpedicular to the
line of sight and approximated by k =
√
k2∥ + k2⊥ ≈ k⊥, where k⊥ = 2pi/rθ ≈
l/r ≫ k 1/∆r, namely, the power is dominated by that perpendicular to the line
of sight and there is no correlation between different shells of ∆r along the line of
sight. Using this with the orthogonality relation for spherical Bessel functions, we
have
2
pi
∫
k2jl(kr)jl(kr′)dk = δ(r − r′)/r2. (B.43)
So, the angular power spectrum becomes
Cl ≈ 4
∫ rL
0
PΦ˙Φ˙(k =
l
r
, r)/r2dr. (B.44)
B.4 Rees Sciama Effect
Eq. B.44, we can extend this to nonlinear contribute of ISW effect
which is known as Rees-Sciama (RS) effect. In Fourier space, the time derivative
of Newtonian potential can be described as:
Φ˙(k⃗, τ) = 32
(
H0
k
)2
Ω2
[
a˙
a2
δ(k⃗, τ)− δ˙(k⃗, τ)
a
]
, (B.45)
where δ˙ is the time derivative of the density contrast. Applying the continuity
equation in Fourier space, δ˙(k⃗, τ) + i⃗k · p⃗(k⃗, τ) = 0, to Eq. B.45 gives
Φ˙(k⃗, τ) = 32
(
H0
k
)2
Ω2
[
a˙
a2
δ(k⃗, τ) + i⃗k · p⃗(k⃗, τ)
a
]
, (B.46)
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where p⃗(k⃗, t) = [1 + δ(k⃗, τ)]v(k⃗, τ) is the momentum density field in Fourier
space divided by the mean mass density. The power spectrum, PΦ˙Φ˙(k, τ) =
(2pi)−3⟨Φ˙(k, τ)Φ˙∗(k, τ)⟩, can be evaluate by using Eq B.45:
PΦ˙Φ˙(k, τ) =
9
4
(
H0
k
)4
Ω2m×
[(
a˙
a2
)2
Pδδ(k, τ)−2 a˙
a3
Pδδ˙(k, τ)+
1
a2
Pδ˙δ˙(k, τ)
]
. (B.47)
This is the power spectrum of RS effects (also known as nonlinear ISW
effect). While in linear theory Pδ˙δ˙(k, τ) = k2Pvv(k, τ) = D˙+(τ)2P linδδ (k) and
Pδδ˙(k, τ) = kPδv(k, τ) = D+(τ)D˙+(τ)P linδδ (k), where P linδδ is the linear density
power spectrum at the present time. Therefore, the power spectrum of the linear
ISW effect is
P linΦ˙Φ˙(k, τ) =
9
4
(
H0
k
)4
Ω2m
[
H(t)D+(t)(1− β)
a
]2
P linδδ (k), (B.48)
where β = d lnD
d ln a .
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